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The scope of our present study is the linear stage of the detonation instability of an initially steady,
one-dimensional base flow based on the ZND detonation model. Our goal is to develop numerical
tools that will enable the computation of stability characteristics for multi-step reaction mechanisms
with reversible reactions and mixture thermodynamics with variable specific heat. To this end, we have
generalized the formulation of the linear stability equations following the method of Lee and Stewart
and Short. We have implemented the solution in the physical space domain as a shooting problem
using Cantera to analytically evaluate all thermodynamic quantities and derivatives. The computational
domain is in the flat-shock-fixed frame such that the left boundary satisfies the perturbed shock jump
conditions and the right boundary satisfies a radiation condition. In the case of a reversible mechanism,
the radiation condition cannot be solved analytically and a numerical method is proposed. To investigate
reversibility, we have constructed a family single-step mechanisms with a fixed CJ temperature but
varying extents of reversibility. We have computed the unstable modes as a function of the extent of
reversibility and degree of overdrive.

1 Introduction

Experiments and numerical simulations of detonation propagation problems are characterized by
unsteady motion due to the intrinsic instability of the reaction zone structure. Investigations of
the detonation linear stability problem have almost exclusively been concerned with model sys-
tems using the perfect gas equation of state and reaction mechanisms consisting of a small number
(usually one) of irreversible reactions [1]. Starting from the one-step model used in the pioneering
studies of Erpenbeck and the reformulation of the numerical approach by Stewart and cowork-
ers [2-4], researchers have been making steady progress by considering more complex chemical
reaction models and equations of state [5, 6].

The scope of our present study is the linear stage of the instability of an initially steady, one-
dimensional base flow based on the ZND model of detonation structure. Our goal is to develop
numerical tools that will enable the computation of stability characteristics for multi-step reaction
mechanisms with reversible reactions, realistic rate constant representation, and mixture thermo-
dynamics with variable specific heat. To this end, we have generalized the formulation of the linear
stability equations following the method of Lee and Stewart [2] and Short [3, 4].

We have verified that our method discussed in Section 2 will reproduce the previous one- and
two-dimensional results of Lee and Stewart and Short and Stewart and have proceeded to examine
the effect of reversibility on the one-step reaction. We have constructed a family of CJ solutions
with a fixed CJ temperature but varying extents of reversibility in the reaction rate. The extent
of reversibility is controlled by the entropy of the product state relative to the reactant. Using
this family of CJ solutions, we have computed the unstable modes as a function of the extent of
reversibility and degree of overdrive. Our results are presented in Section 3.
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2 Formulation and Implementation

The system of interest is governed by the reactive Euler equations.
Dv
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wherev is the specific volume, (u,v) are the normal and tangential velocikes,the pressure,

Y is the species vectaf); is the net production rate of speciew is the densityq is the frozen
soundspeed, and is the Giineisen coefficient. In addition to these equations, we use the ideal
gas equation of state.

2.1 Reference Frame

The reactive Euler equations given by Equations 1-4 are given in the laboratory reference frame.
To solve our problem, we transform these equations to the flat-shock-fixed frame with a change of
variables which places the shock at the origin of the coordinate system. The difference between
this reference frame and the laboratory frame is illustrated in Figure 1. Erpenbeck first proposed
this coordinate transformation [7] and emphasized the importance of linearizing the system about
“the state of the unperturbed system at the same distance from the shock in order to avoid non-
infinitesimal fluctuations” in thermodynamic quantities due to “infinitesimal fluctuations in the
position of the shock.” In the following discussion, the laboratory coordinates will be designated
by a superscripL.

The location of the shock in the laboratory frame is
tL

@w%:/ Ddt = Ut" + (y", t"). (6)
We are interested in measuring distance relative/fg,,, so our new coordinate, is

xr = Cthock - ‘rL = [UtL + 77Z)(yLa tL)} - xL' (7)

The independent variables, vertical distangeand time ), remain unchanged. Thermodynamic
variables are also invariant with respect to coordinate system transformations. On the other hand,
the unperturbed velocity components must be transformed to the flat shock fixed frame. This only
applies to the velocity component normal to the shock (u) because the mean shock velocity in the
direction tangential to the shock is zero.

u="U-ul (8)
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Figure 1: Two frames of reference: (a) laboratory frame and (b) flat-shock-fixed frame.

It is important to note that the transformation of u does not contadecause we are interested in
solving for fluctuations in u. If we had accounted f61in the transformation of u as we have in
the transformation af, u would not have fluctuations.

Following the normal modes approach outlined in Lee and Stewart [2] and Short [3], we linearly
perturb Equations 1-4. We assume that the base fidyvsatisfies the steady ZND model [8—
10] and that the perturbationg!(x,y,t)) are proportional ta). The generalized dimensional
governing equations in the flat-shock-fixed frame are the ZND equations

A’z (z) =’ 9)
and the perturbation equation
(2}, + b°,) + A%Z}, + B°(z), + b%,) + C°2' =0 (10)
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We assume) has the following functional form
Y = ' exp [wt + iky,y] (15)
and the independent variables vectorijecomes
z=[v,u,v,P,Y,Ys, ..., Yn]" (16)
=z° + z' (2)Y" exp [wt + ik,y] a7

wherey! is the constant magnitude of the initial perturbatioms the complex eigenvalu&(e(w)+
i Im(w)), andk, is the transverse wave number. Now, Equation 10 becomes

A%Z! (2) + [wI+ C° +ik,B°| z' (z) + (wI + ik, B°)b)" =0 (18)

The superscripts designate the base statar(d the perturbed staté)( We have implemented

the solution in the physical space domain as a shooting problem that requires the solution of the
set of coupled ordinary differential equations for the base flow and perturbed quantities. We have
used the CVODE [11] stiff solver to integrate through our domain which is ten induction lengths

(Aznp) long.

2.2 Thermodynamics and Kinetics Mechanism

Our implementation uses Cantera [12] to evaluate all thermodynamic quantities and derivatives
of quantities dependent on the kinetics model. By using Cantera, the user is free to select the
mechanism, thermodynamic, and reaction rate models specific to his problem. This includes the
ability to use the sizable hydrocarbon fuel reaction mechanisms that have been developed by the
combustion community in the last two decades as well as reduced or notional mechanisms with
pseudo-species.

In previous studies, the one step irreversible model [2]

A—=B (R1)

k= Aexp (— Ea ) (19)
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has been extensively examined as a function of the parameters: activation dngrgxéthermic
heat released), specific heat ratioy(), and overdrive { = (U/Uc,)?). The net production rates
for the irreversible mechanism are

Qu=—kiYy  Qp=kfYy (20)

Most researchers have validated their implementations using Erpenbeck’siCARE:, = 50,
Q/RT, = 50, v = 1.2, andf = 1.2. Using Cantera, we are able to create an input file that
mimics this case. In addition, we have the flexibility to specify a reversible reaction and vary the
extent of reversibility, i.e. the amount of product achieved at equilibrium, by adjusting the entropy
difference between the reactant and product species.

We have chosen to create a family of systems with equal Chapman-Jouguet tempefatyres (
Each system has one global reversible reaction

A &7 B (R2)

kf = Aexp (—75%) (21)
k Ah —TA

ky = K—fc = kjexp [ o 3] (22)

= {A exp (%)} exp [—(ECLZ;—TAh)] (23)

whereA andB are perfect gases with equal molecular weights and ratios of specificheat.Q).
The other symbols in this system arg; forward reaction rate which has an Arrhenius form,
k, reverse reaction rate governed by the principle of detailed baldtwesquilibrium constant,
Ah = hg — h4 difference in specific enthalpy, anls = sz — s 4 difference in specific entropy.
In this case, the net production rates are

Qu=—kYa+kYs Qp=FkYs—kYs (24)

To vary the extent of reversibility, we specify the desired entropy differedeg R) and desired

Ty and iteratively solve for the required heat releadé (RT,). Table 1 and Figure 2 describe

the family of systems that we have created. We see thahthd? = 0 case is comparable to the
irreversible case in that the ratio of reactant to product at equilibrium approaches zets,/ Rs
decreases, the extent of reversibility increases and the ratio of reactant to product increases. If we
choose a large negative value faag/ R, we could construct a system that does not react.

We also require that the time scale of each system be the half-reactiontfimg). While this
can be achieved several ways, we choose to vary the pre-expondiiialour Arrhenius rate (see
Equation 21) for each degree of overdrive and extent of reversibility.
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As/R[AR/(RT,)  Ucsy A
0 50.71  1701.25 0.985
-2 53.93  1699.00 0.921
4 63.35  1696.42 0.775
-6 78.38  1695.20 0.621
-8 96.50  1694.72 0.502

Table 1: Reversibility parameters for  T¢; = 3599.29 K
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Figure 2: Family of constant T solutions ( T¢y = 3599.29 K). (a) Temperature profiles (b) Thermicity
profiles

2.3 Boundary Conditions

The computational domain is the reaction zone in the shock-fixed frame such that the left boundary
conditions are the perturbed shock jump conditions in the flat-shock-fixed reference frame. We
have derived these for a general equation of state

o

. [%:0 (—_GU — 2U[G + 1] + wo—o[G + 2]) (25)

(@)oo (M) — 1)

0 U GU = 2U[G + 1] + wu—0|G + 2]\ 1°
Pl = wy! Y=o [2( Y —1>+wmzo(”z—° G 4 1) wemo ])} (26)
0
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o= ot [1= 52 (1w (ST R ) ) e
Vi::o =—(U- Wg:o)iky¢1 (28)

and implemented them for an ideal gas equation of state.
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At the right boundary, the system must satisfy a radiation condition requiring that all waves travel

out of the domain. To eliminate the incoming component of the solution, we must first decom-

pose the solution vector into waves. We perform this decomposition far from the reaction zone
where although the perturbations are non-zero, the bulk flow is no longer changing. In this regime
Equation 18 simplifies to

A%z (z) 4 [wI+ CZ + ik,B2]z' (z) =0 (29)

In the case of a single irreversible reaction (Reaction R1), an analytic solution for the wave de-
composition is presented in Lee and Stewart [2]. This analytic solution arises from the fact that far
from the reaction zone, all derivatives with respect to specific volume and pressure as well as all
spatial derivatives are zero. The reactant and product species mass fractions are not independent
because

Svi-1. (30)

so that Equation 10 can be expressed as a function of a single progress vafiabhow, C
(Equation 14) has only 2 non-zero elements, and there exists a one-way coupling between the
chemistry and fluid dynamics in Equation 18. This one-way coupling allow¥jfenservation
eqguation to be independent of the other independent variables. Using the method of characteristics,
the coupled system can be solved and the incoming wave eliminated.

Unfortunately, in the case of a single reversible reaction, the derivatives with respect to specific
volume and pressure do not become zero far from the reaction zoné&z Hoaservation equation

. -1
remains dependent on the other independent variables. In this case, we can def r@% ,

the near equilibrium relaxation time This time scale represents the “relaxation time for small
departures o¥; from an equilibrium state at constant’and P [13]. Usingr, we can re-express
the Y conservation equation (Equation 4)

DYs Yz%* — Y[}
Dt T

In this expressiony3* is the difference between the bulk flow mass fractidjf)(and Y}, the
equilibrium value ofYz. With this new expression of the product species equation, we can also
re-express the product net production rdbg)(derivatives and pseudo-thermodynamic function
(Z(v, P,Y)) derivatives.

(31)

: g : g,p . 1
QYB,’U = - Tv QYB,P = - . QYB7YB = ; (32)
hys Ya hys Y5 p hys 1
7 :CL2 B ;U :CL2 B ) :—Cl2 B 33
v ! h, T o ! h, T ot ! h, T (33)

To determine the characteristic wave speeds speeds necessary for the wave decomposition, we
assume a Fourier form for the x-dependence of the perturbations (see Equation 17).
w

z' (1) = 7' exp [—ESL’] (34)
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We insert this functional form into Equation 29 and rearrange to determine the follow algebraic
eigenvalue problem

ik 1 1
AT {I + Mg —C} 2 =7 (35)
w w 0o C
The eigenvalues of this equatior) @re exactly the characteristic wave speeds necessary for the
wave decomposition. The characteristic polynomial associated with Equation 35 is

o (%)2 =) [(e = o) — a2] + ¢ [(e - up)? —a2] =0 (36)

ar

wherea; anda, are the frozen and equilibrium soundspeeds, the characteristic wave speed,
and7* is a function ofr [13]. Vincenti and Kruger [13] discuss the limits of this equation.7As
approaches zero, the time required for the composition to return to equilibrium becomes negligible
and the second term in Equation @6[(c — u,)” — a?]) dominates. In this case, the characteristic
wave speeds arex, u + a., u — a.. On the other hand, as approaches infinity, the time required

for the composition to return to equilibrium becomes prohibitively long and the first term in Equa-
tion 36 ([c — u,] [(c — u,)* — a?]) dominates. In this extreme, the characteristic wave speeds are:
u,u+ar,u—ay.

In one-dimensional non-reactive fluid mechanics, there are three real characteristic wave speeds:
u, u+ ay, andu — ay. In one-dimensional systems with single step reversible chemical kinetics,
there are four complex characteristic waves speeds given by Equation 36. For the limiting case of
an irreversible reaction, there is a single soundspegd-=(a.), and Equation 36 has an analytic
solution. This solution is depicted in Figure 3 by the open squares. If the kinetics are reversible,
there is not an analytic solution to Equation 36. Figure 3 shows numerically determined roots for
varying extents of reversibility. The roots are labeled according to their non-reactive analogs. Only
one root, the analog to — «a, consistently has a negative real part and therefore corresponds to the
incoming wave.
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Figure 3: Roots ( ¢) of Eqg. 36 for the first two modes [2] normalized by the frozen soundspeed ar. (a)
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Once we have determined the characteristic wave speeds, i.e. the eigenvalues of Equation 35,
we can find the corresponding right eigenvectarg @nd express the perturbations far from the
reaction zone as a superposition of waves.

k
Z =Y Fm (37)
=1

In this decompositionk; is a generic wave function which can be found by projecting the solution
onto the left eigenvectan;

Finally, we insist that the wave function corresponding to the incoming wave be zero. Requiring
that the incoming component of the solution be zero is equivalent to the requiring that the inner
product of the solution vector and the left eigenveatar corresponding to the eigenvalue of
Equation 36 with the negative real part be zero, i.e.

m’ -z =0 (Re(c}) < 0) (39)

In the case of an irreversible reaction, there is an analytic expression for this inner product.

. : [} * (kyu)Q
—Qy vl _QY&YBUE +ay (w - QY&YB - T)
vt (q(v—U)( ) e LA
f af [(w - QYB,YB) - (kyuoo) ] - (QYB,YBU) - (40)
o B ikyus V' O P’

The oo indicates that we evaluate the quantities far from the reaction zone where the system is
almost in equilibrium. We recognize that in one dimensién & 0), this reduces to Lee and
Stewart’s result, and in two dimensions neglecting chemical effégtg 0, Y; = 0), it reduces to
Short’s result. Because there is not an analytic solution for the reversible case, we use the LAPACK
routine ZGEEV to numerically determine the eigenvalue and eigenvector of interest. The shooting
method ensures that the radiation boundary condition is satisfied within a user-specified tolerance.
We have used Muller's method [14] to satisfy our tolerance, but historically a two-dimensional
Newton-Raphson method has been used [2]. In a large multi-step mechanism with reversible
reactions, we believe that this method will be applicable.

3 Results

Using the methodology outlined above and the family of single step reactions with cdhgjant
we have investigated the unstable modes for nine extents of reversibility

As/R=0,—1,-2,—3,—4,—5,—6,—7,—8 (41)

9
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The ZND profiles normalized by the post-shock state of the two extreme cas¢® (= 0 and

As/R = —8) are depicted in Figure 4. As given in Table As/R = 0 corresponds to an
irreversible reaction where the reactant is completely consumed at equilibd¥pR = —8
corresponds to a case where approximately half of the reactant is consumed at equilibrium. The
most visible difference in the ZND profiles is the change in the energy pulse widthx(p) [15].

As the reaction becomes more reversible, the energy release zone becomes more concentrated.
Figure 5 shows eigenfunctions for the two extreme cages g = 0 andAs/R = —8) at the

lowest overdrive valuef{ = 1.2). The complex growth rates for these eigenfunctions.are

0.657 + 70.320 andw = 0.526 + i0.558 respectively. As in the ZND profiles shown in Figure 4,

we see that the energy release zone is more concentrated in the more reversible system. Otherwise,

the profiles are relatively similar.
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Figure 4: ZND structure for two extents of reversibility (a) As/R =0 (b) As/R = —8 normalized by
the post-shock state.
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Figure 5: Eigenfunction profiles ( z!(x)) for the lowest mode, f = 1.2, and two extents of reversibility
(@) As/R=0(b) As/R = -8

Figure 8 shows the values of the complex growth ratewith positive growth rates for varying
values of overdrivef). The first four modes of instability are shown, and the black squares indicate

10
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the results for the irreversible one step reaction model from Lee and Stewart’s paper [2]. These
data points agree with ouxs/ R = 0 curve which is expected. Additionally, as the mode number
increases, the number of unstable growth rates decreases for a given extent of reversibility which
again agrees with Lee and Stewart’s results. Figures 5a, 6a, and 6b show modes one, two, and three
respectively forAs/R = 0 for f = 1.2 illustrating how the eigenfunctions change with mode.
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Figure 6: Eigenfunction profiles ( z'(z)) for As/R =0, f = 1.2, and two modes (a) Mode 2 (b) Mode 3

Table 2 and Figure 7 illustrate the neutral stability curvRs((v) = 0) for modes one through

four. For mode one, increasing reversibility has a stabilizing effect so that as the system becomes
more reversible, the overdrive corresponding to the neutral stability decreases. On the other hand,
for modes two, three, and four, reversibility has a destabilizing effect. Alpert and Toong [16] give

a discussion of the mechanism of the longitudinal oscillation in a square-wave detonation. They
observed two distinct frequencies of oscillation in hydrogen and oxygen, a low frequency mode
(3.8 = 5.4A,; znp) and a high frequency modez(1.6A; zyp). Although we have not performed

direct Euler simulations to observe the wave structure of our reversible reaction model, mode one
may behave differently than modes two, three, and four because it represents the low frequency
mode while modes two through four represent the high frequency mode.

Table 3 gives the value of the near equilibrium relaxation tim¢$ar each extent of reversibility,

7* from Equation 36, the energy release pulse width timggx ) determined from the base flow
thermicity profile, and the inverse of the frequencies for the lowest overdrive valae {.2) at

each mode level. As the mode number increases, the imaginary part of the complex growth rate
(Zm(w)) also increases. The values in Table 3 indicate that for mode one, the period of perturba-
tion oscillation ( /Zm(w)) is two orders of magnitude greater than the chemical equilibration time
scale {). As the mode number increases and the frequency increases, the period of the perturba-
tion oscillation decreases, but still remains approximately a factor of two greater than the chemical
equilibration scale. This indicates that we are still in the equilibrium regime of Equation 36 and the
period of the perturbation is long enough that it allows the composition to remain in equilibrium.
On the other hand 1(Zm(w)) is an order of magnitude larger than;y for mode one, compa-

rable for mode two, approximately half for mode three, and an order of magnitude less for mode
four. This may indicate that higher modes are excited more when their period becomes comparable
to or less than the energy release pulse width.

11
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me(w):O
As/R Mode1l Mode2 Mode3 Mode4

0 1.723 1.577 1.398 1.290
-2 1.694 1.592 1.423 1.317
-4 1.653 1.617 1.469 1.370
-6 1.629 1.645 1.516 1.426
-8 1.617 1.671 1.558

Table 2: Neutral stability ( Re(w) = 0) overdrive values for modes one through four with varying
extents of reversibility.
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Figure 7: Neutral stability ( Re(w) = 0) curves for modes one through four with varying extents of
reversibility.

4 Conclusions

We have implemented the normal modes approach [2] to linear stability of detonations for an ideal
gas with an arbitrary kinetics mechanism. When reversible reactions are included, no analytic
solution for the radiation condition exists because the one-way coupling between fluid mechan-
ics and chemistry no longer exists far from the reaction zone, and unlike, non-reactive systems,
the characteristic speeds in reactive systems are complex. We have proposed a generalized wave
decomposition method that we believe is applicable for all gaseous systems. Our new method
constructs and algebraic eigenvalue problem far from the reaction zone (Equation 35). We find
the complex eigenvalues of this problem which correspond to the the characteristic wave speeds
and determine the eigenvector that corresponds to the eigenvalue with a negative real component.

Finally, we require that the inner product of this eigenvector and the solution vector be zero (Equa-
tion 39).

Using this new model, we have studied the stability characteristics of a system consisting of a
single reversible reaction between two perfect gases. Our results indicate that reversibility has
a stabilizing effect on the lowest mode and a destabilizing effect on higher modes. The near

12
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. 1/Zm(w) (S)

As/R| 7(s)  7°(S) Teznp Mode 1 Mo{je 2( 2\/Iode 3 Mode 4
0 0.0498 0.0474 0.286 3.125 0.220 0.121 0.0844
-2 0.0520 0.0409 0.269 2.57 0.218 0.121 0.0841
-4 0.0563 0.0309 0.232 2.10 0.216 0.120 0.0834
-6 0.0601 0.0231 0.193 1.89 0.214 0.119 0.0826
-8 0.0627 0.0179 0.163 1.79 0.213 0.118

Table 3: Near equilibrium relaxation time ( 7) and 7* (Egn 36) for varying extents of reversibility.

Complex growth rates for modes one and four are given for the lowest overdrive value ( f=1.2).
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Figure 8: Unstable roots for the first four modes. (a) Mode 1 (b) Mode 2 (c) Mode 3 (d) Mode 4

equilibrium relaxation timex) indicates that for the parameter space we have studied, the system
remains in equilibrium, but that the relationship between the period of oscillatj@m{(w)) and
the energy pulse release width {p) varies with the mode number.

In the future, we plan to perform direct Euler simulations to validate our complex growth rates.
The results of direct Euler simulations will also provide wave structures that can be compared with
Alpert and Toong’s results [16]. Then, we plan to investigate the effect of reversibility on two
dimensional perturbations:{ # 0). Eventually, we hope to use our formulation with detailed

13
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kinetics mechanisms to determine unstable modes for realistic chemical systems.
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